EXERCISES April 17, 2015

Segquences - Al 3c>v-itkms

General overview

ExEercise 1

Let (u,) be a sequence such thal:= 1 and for alln, un,; = 3u, — 1.

a) Calculatau;, u, andus by hand. Express,,, as a function ofi,.

b) Write an algorithm in pseudocode given the teynn given. Then give the values of
Us, Ujp €tUss.

c) Write an algorithm given the first 10 terms of the sequengg (

EXERCISE 2
: Up = 2, U, = 4
Let (u,) be a sequence defined by :
Un+2 = 4Uns1 — Up
a) Calculate the terms, uz andu, by hand.

b) Write an algorithm to calculate timh term of the sequence. Calculatgandu, o using
this algorithm.

Monotonicity of a sequence

EXERCISE 3

Determine the monotonicity of the following sequences aefionk :

n+1 1\"

a) Uh=-3n+1 b) Un:m C) Up =2" d) Un=(—§)
EXERCISE 4

. : n?
Show that the sequence, is decreasing fon > 2 : u, = =
n! =factorialn and nl=nx(n-1)x(nh-2)x---x2x1
EXERCISE 5
Determine the monotonicity of the following sequences :

n? 1 1 1

a)unzﬁ, n>4 b)un:1+§+?+---+§, neN
EXERCISE 6

. . . 1 1 1
Show that the following sequence is decreasing = 1 + > + % +e 4+ on n
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EXERCISE 7

For each affirmation, say whether it istrue or false. Justify your answer.

a) Proposition 1: (u,) and () are two increasing sequences, the sequence u, + vy
is also increasing.

b) Proposition 2 : (u,) and {,) are two increasing sequences, the sequgneeu, X vV,
is also increasing.

Arithmetic and geometric sequences

EXERCISE 8
Let (u,) be an arithmetic sequence with a commoffiesience of .

. . 1
a) Expresal, interms ofnif uy=2 andr = >
b) u, =41 andus = —13. Calculatai,g
C) u; = -2 andr = 3. Calculateuyy then S =u; + Uy + - - - + Uy

d) up=-3 andr = —-2. Calculateuys and u;z5 then S = Ups + Uyg + - - - + Ugos

EXERcISE 9
Un

Let (u,) be a sequence defined tyy= 1 and for all natural numbersby : u,,; = 170
n

a) Calculatau;, up, us, us. What conjecture can be made with regards to the expression
of u, in terms ofn?

b) Show that the sequencg ) defined by, = ui is arithmetic.

n
c) Express/, thenu, in terms ofn.

Exercise 10
(un) is a geometric sequence with a common ratig.of

2 .
ayu =5andq= 3 Expresau, in terms ofn
b) uy =1 and ug = 25V5. Calculateq thenuy,

€)g=2 andS =uUp+ U +---+ Up = 24 573. Calculatey.

Exercise 11

n

Prove the sequenca,) defined byu, = i

is geometric. Does it converge ?

ExERcISE 12

Calculate the following sums then check your result usinglgorghm :
a) A=8+13+18+---+2008+ 2013
1 3 5
b) B_§+l+§+2+§+---+10
c) C=0,02-0,1+0,5-2,5+---+3125
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Arithmetico-geometric and homogr aphic sequences

ExErcise 13
Consider the sequence,] defined by :

1
Up =1 and for all natural numbers un,; = éun +4

Let v, be a sequence defined by, = u, - 6

a) For all natural numbers, expresss,,; in terms ofv,,.
What is the nature of the sequeneg) ?

b) Expresw, thenu, in terms ofn.

c) Study the convergence of the sequengg (

Exercise 14

An animal reserve has an initial population of 1 000 animalss population changes
each year because :

e 20 % of the animals disappear each year (overall balancetbtland deaths)

e 120 animals a year are introduced into the reserve.

The purpose of this exercise is to determine how this pojpumahanges afteryears (we
will denote the populatiom, with po = 1 000).

1) a) Determine a relationship betwepn; andp,.
b) Conjecture graphically using a calculator how the popaathanges.

2) To prove this conjecture, we introduce an auxiliary segedy,) suchthat:v, = p,— 600
a) Show that the sequenog)is geometric.
b) Express/, thenp, in terms ofn.
c) Does the sequeng®g admit a limit at+oco ? What conclusion can be made ?

ExERrcise 15

2U, + 3

Consider @) defined by :up =0 and U1 = L4

Un_

a) Letv, =

1 . :
3 Show that the sequence,) is geometric.
n

b) Express, thenu, in terms ofn.
c) Determine the limit of\;) then that of @y).

EXERCISE 16
Antilles-Guyane sept 2010
Consider the sequence of real numhber3 defined oriN by :

1 1
Up=-1, ug = > and for all natural numbers U, = Unyg — 25

1) Calculateu, and deduce that the sequerfag) is neither arithmetic nor geometric.
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2) Let(v,) be a sequence defined by, = Uy, — %un.

a) Calculatey,.
b) Express/,,; in terms ofv,,.

c) Show that the sequen(e) is geometric with a common ratio %1

d) Expressy, in terms ofn.
3) Let(w,) be the sequence defined byw, = ?

n

a) Calculateny.

. . 1 .
b) Using the equality,; = v, + EU”’ expressvy,; in terms ofu, and ofv,.

c) Show for all natural numbers wp,; = w, + 2.
d) Expressw, in terms ofn.

2n-1
4) Show for all natural numbers: u, = o
k=n
5) For all natural numbens, let : S,, = Z Ug = Up+ U + -+ + Up.
k=0

Write an algorithm to calculat8, for all nin N. Then give the approximate values to

10 of Ss, S10 andSl5.
What conjecture regarding the convergence of the sequé&jtedn be made ?

Nete : We will prove this conjecture in the next chapter.

ExERrcise 17
2009 National sample

Consider the sequence) for all natural numbera > 1 :
nw,=MN+21w,;1+1 et wo=1

The following table shows the first ten terms of the sequence.

Wo | Wy | Wo | W3 | Wp | W5 | W | W7 | Wg | Wy
113|579 /11|13/15|17|19

1) Itemize the calculation to obtaim.

2) What can we conjecture about the nature of the sequeng@ Calculaten,ggg Using
this conjecture.

ExERrcise 18
Sum of squares
_nin+1)(2n+1)
B 6

We intend to show that : 24+ 22+ ... + n?
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1) Determine a cubic polynomiaP such that for all real numberg we have :
P(x+ 1) - P(x) = x?

Nete : Write P(x) = ax3 + bx? + cx+d and determine the value of the ¢heients
a, b, c andd through a system of equations.

2) Complete these equalities P(1) - P(0) =
P(2)-P(1) =
P(3)-P(2) =

P(n+1)-P(n) =
3) Deduce the formula for the sum of squares

Algorithms

Exercise 19
] ] -x+2 ifx<1

The functionf defined orR by : f(X) )
X —2X+2 else

Write an algorithm which prints the value 6{x) for a givenx.

Exercise 20

The following algorithm is used to deter- | variables: a, b, ¢, d, m real numbers
mine the linear ca@écient of a line passing | Inputsand initialization _
through two points. ,I:‘rlmt enter the coordinates of a point
Lirea, b

Print "enter the coordinates of point B'
Readc, d

Processing

d-b

— —m

c-a

Sorties: Printm

a) Modify this algorithm in order to print the constant @aent of this line.
b) Enter this algorithm into your calculator

¢) This algorithm does not take into account the case of garallel to they-axis.
Modify the algorithm for this case to be processed.
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Exercise 21
Thetortoise and the hare

This is a game that is played with dice on a board of seven boxes

ol
&

alnuedaq

The rules of the game follow the algorithm
opposite.

Nete : T andL represent the respective
positions of the tortoise and the hare.

1) Write the rules of the game as a short
text.

2) Enter the algorithm into your calculator,
denoting the hare and the tortoise with
numbers.

3) Alter and complete this algorithm in or-
der to simulate the game 1 000 times.

4) Does one of the two protagonists have
an advantage using these rules? If so,
modify the number of squares on the
board to make the game as fair as pos-

Variables: T, L, D integers
G text

Inputsand initialization
0—->T
0—-L
Processing
whileT <7 andL # 7 do
D takes the value of a die roll
if D==6then

L=7

G = "Hase"
else

| T=T+D

end

if T > 7then
| G ="Tortoise"

end

end

Output : Print « The winner is : %5

sible.

EXERCISE 22
Consider the following algorithm.

1) Justify forn = 3, that the display is 11 for
uand 21 forS

2) Copy and complete the following table :

n|io0o|1(2| 3|45
u 11
S 21

Variables: n, i integers
u, S real numbers
Inputsand initialization
Readn
1-u,
Processing
whilei < ndo
2u+1-i—>u
S+u—S
i+1—i
end
Sorties: Printu, S

1->Set 0=

Let (u,) be the sequence defined byy =1 and u,; =2u,+1-n

Let (S,) be the sequence defined 8y = up + uy + - - - + Uy,
3) Copy and complete the following table :
n 0/1({2|3]4]|5
Un 1
u,—ni 1
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What conjecture can be made from the results of this table ?

4) Prove that :u, = 2" + n. Deduce the expression 8f, in terms ofn.
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