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Cimits of funetions

Proofreading of English by Laurence Weinstock
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1 Limits at infinity

1.1 Finite limit at infinity

Defivitien | : A function f is said 0 7
to have a finite limit ¢ at 4oo, if any
open interval containing ¢, contains all EI O\ AN T
values of f(x) for x large enough - that S v/_ i
is to say, for x in an interval | A; +oo|. It ! !
is written : :I' '
@) X
lim f(x) =1/ A
xX——+00
The line A defined by y = £ is the horizontal asymptote of the graph ¢

Nete : A finite limit at —oo is likewise defined and is denoted l_i>m fx)="¢.
X— —00

- . 1 1 1 L.
bXAMPle : The common functions : x — — , x — — and x — ——= have a limit
X x" Vx

of 0 at +oo. The first two also have a limit of 0 at —oco. Their horizontal asymptote
is the x-axis.

1.2 Infinite limit at infinity

Deflinition 2 : A function f is said to

have an infinite limit at 4-co, or to grow
without bound, if any interval | M; +oo|
contains all the values of f(x) for x
large enough - that is for x in an interval
|A; +oo[. It is written :

lim f(x)= 4o

X—r—+00

Note : That means that the function f is not bounded above

* An infinite limit at —co is likewise defined and is denoted l_i)rn f(x) = +oo.
X——00

e Similarly: lim f(x) = —oc0 and lim f(x)= —o0

X——+00 X— —00

Example : The common functions : x + x, x = x" and x — +/x have a limit of
+o00 at +oo0.

The common function : x — x" has a limit of +oc0 at —o0 if 71 is even and —oo at
—o0 if 11 is odd.
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2. INFINITE LIMIT AT A FINITE POINT

A function can approach +oco at 40 in
several ways. For instance, consider the Three ways to
common functions x — x2, x — x and 2/ approach +eo

X — /X

e x — x? approaches infinity "rapidly".
The function is convex downward.

* x — x approaches infinity "modera- Tz
tely" . There is no concavity.

* x — 4/x approaches infinity "slowly".
The function is convex upwards. 0

\ 4

2 Infinite limit at a finite point

Defivition 3 : A function f is said

have a limit of +c0 at g, if any interval
|M; 4+o0| contains all the values of f(x)
for x is close enough to a - that is to say
for x in an open interval containing a. It
is denoted :

lim f(x) = +o0

X—a

The line A defined by x = a is the verti-
cal asymptote of the graph ¢

Note : A limit of —oo s likewise defined and denoted chlgr}l f (x) = —o0

If the limit at x = a does not exist, the
function may still have a left-hand or
right-hand limit at x = a. They are de-
noted as follows :

Right-hand
limit

left-hand limit:  lim f(x) or lim f (x)

Xx—a-
x<a 1
2
) o ) ) Left-hand _ 1
right-hand limit: lim f(x) or lim f(x) limit X
a xoa

- . 1 .
bXArMPlas : The function x — 2 has a limit of +oo at 0.

The function x + ! has no limit at 0, but has a left- and right-hand limits at

X
0 — —oco and +co. The left- and right-hand limits are the same if and only if the
ordinary limit exists
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3 Limits of common functions

Limits at infinity

0 1 1
£() v B ¥ >
xl_i>r}r100 f(x) 400 0 +00 0
lim f(x) +o0 if 1 even 0 not not
xS —c0 —oo0if n odd defined defined
1 1
f(x) e ﬁ
lim f(x)
. . ~+o00 +o00
Limits at 0 fgg
lim f(x) +o0 if n even not
20 —oo if n odd defined
4 Operations on limits
4.1 Sum of functions
If f has a limit / V4 4 400 | —c0 | 400
If ¢ has a limit 0 | +oo| —co| 40| —0| —o0
then f + ghasalimit [ £+ ¢’ | +c0 | —co | +00 | —co | Ind.F.

Examples : 1
1) Limit at 40 of the function f defined on R* by : f(x) = x +3 + o

lim x+3 =4

x—3+o0 The sum is
1 ; _
Iim — =0 ngmf(x) oo
xX——+0o0 X

2) Limit at +c0 and —oo of the function f defined on R by : f(x) = x> + x

lim f(x) = 400

Iim x = 4o Mt

lim x% = 4+ :
oy The sum is
X—r400

Iim x = — Indeterminate form : +00 — oo

X——00

xL“E‘oo r = +°°} The sum is not defined

4.2 Product of functions

If f has a limit 14 L#0 0 00
If ¢ has a limit v 00
then f x ghasalimit [ £ x ¢/ | oo* | Ind.E | oo*

(0.°] (0.¢]

*Follow the usual rules on multiplying unlike or like signs
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4. OPERATIONS ON LIMITS

Examples :
1) The limit at —oo of the previous function : f(x) = x% + x

We change the expression of f(x) to remove the indeterminate form, .

flx) =x>+x=x? (1+%>

We then have :

. 2 .
x1_1>r£100 X" =+ The product is

im 142 =1[ A f0x)=r+e
x——c0 X

2) The limit at +c0 of the function defined on Ry by : f(x) = x — /x

We cannot summ the limits because it is an indeterminate form, we must
change the expression of f(x)

f(x):x—\/?:x<1—%)

Iim x = 400

x—+00 The product is
. L lim f(x) = 4o0
xlﬁlgloo 1 ﬁ =1 Xt

3) Right-hand limit at 0 of the function defined on R* by : f(x) = % sin x

lim — =+ [ f7d F (0 x o)

x>0

limsinx =0 use another method
=0

4.3 Quotient of functions

If f has a limit 14 ¢ #0 0 / 00 00
Ifghasalimit [/ #0| 0 W | 0 [oof /D] o
f I4

then = has a limit oo* IndE | O oo* Ind.F.

g v
*Follow the usual rules on dividing like or unlike signs (1) without changing sign
Examples :
1) The limit at —2 of the function defined on R — {—2} by : f(x) = 2;_; 21

We have the table of signs of x 42 :

X —00 -2 “+o0
x+2 — (I) +

PAUL MILAN 5 TERMINALE S


mailto:milan.paul@wanadoo.fr

CONTENTS

. 3\

xll>rr_12 2x—=1=-5 The quotient is

. — 0t li = -
xll>n_12x +2=0 xin_lzf(x) o0
x>—2 x>-2

. o li —
xgrgzx T 2=0 xl>n—12f(x) oo
x<—2 ) x<=2

The function has a vertical asymptote of x = —2.
- 2x +1

2) Limit at +oo of the function f defined by : f(x)

C 3x+2
As both the numerator and the denominator approach +co at +oco, we are

(e.°]
faced with an indeterminate form : o We have to change the expression of

f(x).

We then have :
lim 24+ —-=2 The quotient is
X—>r+00 X
. 2
xX——+o0 X

4.4 Conclusion

There are four indeterminate forms (as with the limits of sequences) where the
operations on the limits cannot conclude. In the case of an indeterminate form,
we have to factor out the term of the highest degree (for polynomials and the
rational functions), to simplify, to multiply by a conjugate (for radical functions),
to use a comparison theorem, to change variables ...

5 Limit of a composite function

Theorem | : Let two functions f, ¢ be given. Let a, b and ¢ be real numbers or
Fo0.

If limf(x)=0 and limg(x)=c then limg[f(x)]=c

xX—a x—b X—a

EXAMPI&S : Calculate the following limits :

. . 1
1) xg&lmh(x) with  h(x) = ”2+P

: : _ 1
2) xgrfwk(x) with  k(x) = cos <x2 n 1)
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5. LIMIT OF A COMPOSITE FUNCTION

gobguobgoboobgoobooboonb

1) Consider f(x) = 2+% and g(x) = v/x, hence: h(x) = g[f(x)].

We then compute the limits :

lim 24— =2 The composite function is

X—r 400 x2 o

li =
lim v/ = v/2 i k(x) V2
X—r

Note : Itis possible to use a change of variable. Let :

X:2+% so h(x)=vVX

Then:
xl—i>IEoo X = xl_i}}rloo 2+ 2= 2 The composite function is
li =2
)1(1mz VX =2 xﬁlrfwh(x) &
%

2) Consider f(x) and g(x) =cosx. Wethenhave: k(x) = g[f(x)].

T F1
. 1
xl_lgloo 211 = The composite function is
_ lim k(x) =1
limcosx =1 x—+00
x—0

Theorem 2 : Using the limit of function for limit of sequence

Let (u,) be a sequence defined by : u, = f(n). f is then the function associate to
the sequence (u,). Let a be a real number or oo

If lim f(x)=a then lim u,=a
X—+00 n—r—+00

Example : Given (u,) defined foralln € N* by : u, = /2 + %

Let f be the function defined on |0; +oo[ by : f(x) = /2 + %

We saw above that: lim f(x) = /2
X—>+00
Hence the sequence (u,) converges to V2

/\ The converse of this theorem is false. A sequence can converge without the
associate function having a limit. Indeed :

f(x)=2 ifxeNN

Let f be a function defined on R by : { Fx)=1 el
=1 else

The limit of f in +oo clearly does not exist as the sequence (u,) defined by
u, = f(n) =2 converges to 2!
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6 Theorems of comparison

Theorem 2 : Let f, g, and h be three functions defined on the domain
I =]b; +o0] and ¢ a real number.

1) «Squeeze or sandwich » theorem
If forallx € [, wehave: g(x) < f(x) < h(x) and if:

lim g(x) = lim h(x)=¢ then lim f(x) ="/

X—r+00 X—r 400 X—r—+00

2) Comparison theorem
If for all x € [ we have: f(x) > g(x) and if :

lim g(x) =+oc0 then lim f(x)= o0

X—+00 X— 400

Note : There is a similar theorem at —co with [ =] — o0; b[ and at a finite point a
with I an open interval containing a.

Preof :

1) Squeeze theorem : at 4-co

If: lim g(x)= lim h(x)=1/¢

X—r+400 X—r—+00

Then according the definition of limits, any open interval | containing ¢, contains
all the values of ¢g(x) and k(x) for x enough large.

As g(x) < f(x) < h(x), the same can be said for f(x).

Conclusion : xl_1>rJrr100 f(x)=1¢

2) Comparison theorem : at +co

According the definition of limits, any open interval |M; +oo[, contains all the
values of g(x) if x is large enough.

As f(x) > g(x) the same can be said for f(x).

Conclusion : x1_1>1}r100 f(x) = o0
Examples :

1) Calculate the limit of f(x) = su;x at 400

2) Calculate the limit of g(x) = x + cos x at o0

gobgoobooboboboobooboodnb
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6. THEOREMS OF COMPARISON

1) For all positive x , we have :
-1 <sinx <1, then :

1 1
0 —=-< Sz
Vx > » f(x) .

as:

lim —1:0 and lim — =0
X—+o00 X X——400 X

so according to the squeeze theorem : —=
lim f(x)=0

X——+00

2) Wehave:Vx € R cosx > —1, then:

Vxe R x+cosx>x—1

As: lim x —1 = 400, so according
xX——+o0

to the comparison theorem :

lim g(x) = +oc0

X—+oo
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